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NOTE ON INFINITE DETERMINANTS. 

By Mb. Eugene H. Robekts, Lonoke, Ark. 

1. Definitions. 

Let us consider a doubly infinite series of quantities Af,^{i, k = — oo , . . . , 
-(- 00 ), and as is usual with such series we shall suppose the quantities arranged 
over a plane, so that with any point (i, k) of the plane the quantity A^i^ is 
associated ; the term A^^q will be at the origin, and the terms around it will be 
arranged as follows : 
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Let us denote by D^ the determinant indicated by the dotted lines, that 
is the determinant composed of the quantities A^f. (i, k = — 1, 0, + 1) ; by 
Z>2 the determinant indicated by the light lines ; and by D^ the determinant 
indicated by the heavy lines ; and in general let us represent by D^ the 
determinant composed of the quantities Af^. {i,k= — m, . . . , + m), arranged 
as indicated in the diagram. 

Now if as m increases indefinitely, the determinant -D„, has a definite limit 
D, we say that the infinite determinant D^ composed of the quantities A^^ 
[i, k = — 00 , . . . , + 00 ) arranged as indicated in the diagram, is convergent, 
and has D for its value ; or, to state the same thing in a form which will be 
of more use subsequently, the infinite determinant D^ i« convergent if, for any 
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positive quantity d given in advance, we can find a positive integer n' such 
that for any value of n greater than n' 

I Dn+p - i>„ |< ^ (1) 

whatever the value of p. If no such number n' exists, the determinant is 
divergent. 

The principal diagonal of the determinant D^ is the group of elements 
arranged along the straight line passing through the origin and making an 
angle of 45° with the axis of a; ; it is composed of the quantities A„ (?' = — oo , 
...,-{- 00 ). The line i is composed of the elements grouped along the straight 
line passing through the point (i, 0), and parallel to the axis of x ; similarly 
the cohtm,n k is composed of the elements grouped along the straight line pass- 
ing through the point (0, k), and parallel to the axis of y. The element Af^^ is 
called the origin of the determinant ; and any element -<4j,. is said to be diag- 
onal or non-diagonal according as we have i = k, ox i ^ k. 

Any diagonal element might be taken as the origin, and corresponding to 
it we would have a new set of determinants D^ ; any line of elements parallel 
to that already chosen might be taken for the principal diagonal, and any ele- 
ment in it might be selected as origin ; we thus see that having given a doubly 
infinite series of quantities, we can form oo ^ different infinite determinants, and 
nothing justifies us in stating a priori that all of these infinite determinants 
are convergent or divergent at the same time ; or, if they are all convergent, 
that they have the same value. We thus see that in general an infinite deter- 
minant has a perfectly definite meaning only when we know its principal 
diagonal and its origin. 

It is interesting to note that the diiferent infinite determinants considered 
above are derived from a given arrangement of the terms of the doubly infinite 
series ; to any new arrangement of the terms of this series, there corresponds 
a new set of oo ^ different determinants. 

2. Historical summary. 

Infinite determinants were first defined and used by Hill in a paper enti- 
tled " On the part of the motion of the lunar perigee which is a function of 
the mean motions of the sun and moon."* In the discussion of this problem 
Hill met with an infinite system of linear equations involving an infinite num- 
ber of unknown quantities ; the consideration of such a system of equations 
naturally suggested the possibility of forming and using an infinite determi- 

* This paper was first published in this country in 1877, and afterwards appeared in Acta Matb- 
ematica, t. 8. 
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nant ; Hill accordingly defined a convergent determinant, his definition being 
substantially that given above, and applied the determinants thus defined to 
the Solution of the system of equations under consideration. Thus the dis- 
covery of infinite determinants, like that of so many other mathematical 
functions, was suggested by the consideration of a special problem which 
demands such functions for its solution. 

Infinite dieterminants having thus been defined and used in the solution 
of a special problem, natural! j' the next and most important step was that of 
investigating such functions from a purely theoretical standpoint. This was 
done by Poincar^ in a paper entitled " Sur les determinants d'ordre infini."* 
Poincar^'s investigations were limited to determinants satisfying the following 
conditions : (a) the diagonal elements are all equal to unity, and (b) the sum 
of the non-diagonal elements is absolutely convergent. 

Helge von Koch was the next mathematician to turn his attention to infi- 
nite determinants ; his results were published in two papers entitled, respec- 
tively, " Sur une application des determinants infinis a la th^orie des Equations 
differentielles lin^aires," and " Sur les determinants infinis et les Equations 
diflfereutielles lineaire8."t The determinants studied and used by von Koch 
are more general than those investigated by Poincare ; like the latter, they 
satisfy condition (b), but condition (a) is generalized so as to include all infi- 
nite determinants in which the product of the diagonal elements is absolutely 
convergent ; infinite determinants satisfying these modified conditions are said 
to be of the normal form, and it is seen that the determinants studied by 
Poincare form a special class of determinants of the normal form. 

In the second paper cited above von Koch shows that a certain class of 
infinite determinants enjoys the same properties as determinants of the normal 
form ; this class of determinants includes all that satisfy the following condi- 
tions : (a) the product of the diagonal elements is absolutely convergent ; (b) 
there exists a series of quantities ic^ (A = — oo , . . . , + oo ) such that the doubly 
infinite series 

is absolutely convergent. 

Von Koch, while investigating the subject from a theoretical standpoint, 
did so for the special purpose of applying his results to a particular problem ; 
and for that reason his results lack that generality which is to be desired. In 
the introduction to his second paper he states : " Dans ce qui suit nous nous 
bornerons a developper ce qui parait n^cessaire pour pouvoir appliquer I'in- 

* Bulletin de la Societe mathematique de France, t. 14. 
t Acta Mathematica, ts. 15, 16. 
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strument nouveau d'une maniere absoluement rigoureuse au probleme que 
nous nous sommes propos^."* 

Craig has also done some work in connection with the application of infi- 
nite determinants to differential equations ; while his results have been used 
in his course of lectures on differential equations delivered at Johns Hopkins 
University, his work has not as yet been published. 

In the present paper an attempt is made to place the discussion of infinite 
determinants upon a slightly new basis, in the hope of giving greater simplicity 
to the reasoning employed, and at the same time more generality to the theo- 
rems established. 

3. EXPEESSION OF AN INFINITE DETEEMINANT AS AN INFINITE SERIES, THE TEEMS OF 

WHICH ABE INFINITE PEODUCTS. 

Returning to the definition of a convergent determinant embodied in the 
inequality (1), let us push this definition to its legitimate end, and thereby get 
a clearer view of the problem before us. 

We must determine exactly what is meant by saying that the determinants 
Z>,„ tend towards a limit as m increases indefinitely. 

Let us take as a simple illustration the determinant, 



5, h^ 



— afi.^ — a^h 



2"^l 



The configuration of letters, numbers, and lines written on the left hand side 
of the sign of equality is called a determinant, and is simply a convenient 
symbol used to represent the algebraic function written on the right hand 
side ; this is the case with all determinants, so that if we speak of a set of 
determinants D^ as tending towards a limit as m increases indefinitely, we 
mean that the functions represented by these determinants tend towards a limit 
as m increases indefinitely. 

We must carefully examine the nature of the function represented by a 
determinant ; the function represented by Z>„ is the algebraic function con- 
sisting of (2ot + 1) ! terms, half of which are positive, and the other half 
negative, each term consisting of the product of 2m + 1 of the quantities A^|^, 
every possible combination being taken subject to the condition that one and 
only one element must be taken from any line (or column) for a given term. 
Certain conventions are adopted to determine the sign of any term. 

* In the Comptes Kendus for Jan. 21, 1895, there is an article by von Koch entitled, " Sur la 
convergence des de'terminants d'ordre infini et des fractions continues." Unfortunately I have not 
yet been able to consult this article. 
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As m increases indefinitely the number of the terms of such a function 
increases indefinitely, and the number of elements appearing in each term 
increases indefinitely ; so that in the limiting case, an infinite determinant rep- 
resents an infinite series of terms, some positive and some negative, each term 
being the product of an infinite number of elements, one and only one being 
taken from each line (or column) for any term. 

In the cas'e of the function represented by a finite determinant, the order 
of the terms, as well as that of the elements in any term, is a matter of indif- 
ference ; this is not so with an infinite determinant, however, for in general the 
value of an infinite sum or an infinite product is dependent upon the order of 
the terms of the sum, or that of the factors of the product. Consequently, 
having given an infinite determinant of specified origin and principal diagonal, 
it is not only necessary to adopt some convention by which to determine the 
sign of an}' term, but it is also necessary to adopt conventions that will fix 
the order of the terms in any determinant and the order of the elements in 
each term. 

Rules sufficient to determine the sign of any term may be formed as an 
extension of those adopted for finite determinants. In determining the sign 
of any term the elements are all supposed to be positive ; of course any odd 
number of negative elements in a term would change its sign, but these changes 
adjust themselves by purely algebraic principles. 

The sign of the principal term is determined by the following rule : — 

(1) The term ^^ A^, composed of the diagonal elements written in the 

— 00 

order in which they occur in the infinite determinant, is positive. 

In this term both suffixes occur in their natural order ; other terms may 
be formed from this principal term by permuting either set of suffixes ; we 
shall in all that follows suppose the first set of suffixes to remain fixed, and 
form the different terms by permuting the second set of suffixes ; this amounts 
to adopting a convention for determining the order of the elements in any 
term. This being agreed upon, the sign of any term is determined by the fol- 
lowing rule : — 

(2) Any interchange of two suffixes of the second set, the suffixes of the 
first set retaining their order, alters the sign of the term. 

The convention that the elements in any term be written so that Jihe first 
set of suffixes are in their natural order is a natural one ; in fact it is generally 
observed in regard to finite determinants, for if we have a determinant the 
principal term of which is afi^c^dt ...«„, in writing any other term it is usual 
to write the letters in their natural order, the permutations being made among 
the suffixes ; while any violation of this rule in the case of a finite determinant 
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will not alter the value of the determinant, this is not in general true for an 
infinite determinant and the adoption of such a rule is a necessity. 

Having thus adopted a rule which is sufficient to fix the order of the ele- 
ments in the infinite product of any term, it remains to consider the question 
of the order of the terms of the infinite series. 

Three conventions in regard to the arrangement of the terms of an infinite 
determinant suggest themselves naturally ; they are : (1) to write the principal 
term first ; (2) to choose the order of the terms so that they are alternately 
positive and negative ; (3) to choose the order of the terms so that there is a 
symmetrical arrangement in regard to the principal term, for example, if the 
fourth term to the right of the principal term is obtained by interchanging 
— m and + n, the fourth term to the left is to be obtained by interchanging 
+ m and — n. Rule (3) is easily seen to be in harmony with (2). Even 
though we adopt these three conventions, the order of the terms is still unde- 
termined, and there is open to us for choice an infinite number of rules any 
one of which is sufficient to fix the order of the terms. This being the case, 
the question naturally arises whether there exists a class of determinants the 
values of which are independent of the particular law chosen to fix the order 
of their terms. This question is answered very easily, and furnishes the most 
natural basis for dividing infinite determinants into two general classes accord- 
ing to the nature of the series represented by the infinite determinant. 

However, before proceeding to the consideration of this classification of 
infinite determinants, it may be well to give a brief r^sum^ of the results arrived 
at in this article. We have shown that an infinite determinant represents 
an infinite series, the terms of which are infinite products ; we have formu- 
lated rules sufficient to determine the sign of any term and the order of the 
factors in the infinite product constituting any term. We have also seen that 
any one of an infinite number of possible rules would be sufficient to determine 
the order of the terms in the series. 

4. Distinction between the two kinds of infinite determinants. 

Before classifying determinants according to the nature of the series rep- 
resented by them, it is necessary to call attention to a distinction which must 
be made in regard to the infinite determinants we are to consider. Since the 
number of the terms of the determinant D^ is Jf = (2»w + 1) !, if we have 
TO = 00 , Jf becomes infinite of an order higher than the first, and consequently 
the function represented by such a determinant is not an ordinary infinite 
series, but is one of an order higher than the first. This class of infinite 
determinants for which jrt = oo , we shall call infinite determinants of the first 
kind. 
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However, if instead of considering m as approaching infinity we consider 
M, the number of terms of the function represented by D^, as approaching 
infinity, then for J!f = oo , the series which the determinant represents is an 
ordinary infinite series. Since M. is finite for any finite value of m, however 
large, if we have M = oo , »i must also be infinite, though necessarily of an 
order lower than the first. Infinite determinants for which J/" ^ oo we shall 
call infinite determinants of the second kind. They are infinite determinants 
in just as strict a sense of the word as are those of the first kind, but in order 
to be perfectly rigorous it is necessary to make the distinction. In what fol- 
lows we shall confine our investigations to infinite determinants of the second 
kind.* 

5. SeMI-CONVERGENT and ABSOLUTELY CONVERGENT DETERMINANTS. 

Since the consideration of an infinite determinant has been reduced to the 
consideration of an infinite series, it is natural to divide infinite determinants 
into classes according to the nature of the series represented by such deter- 
minants. 

The first and most important classification of series is that of dividing 
them into the two classes of convergent and divergent series ; and following 
this classification we may say that an infinite determinant is convergent or 
divergent according as it represents a convergent or divergent series. [This 
is not a new definition of convergence, but simply a new way of stating the 
one already given.] 

Convergent determinants may be subdivided into two classes, semi-con- 
vergent and absolutely convergent determinants, according as they represent 
semi-convergent or absolutely convergent series. Every convergent determi- 
nant must belong to one of these two classes, and no deterprinant can belong 
to both classes. 

Absolutely convergent determinants constitute by far the most interesting 
class of determinants, for the value of the series represented by such a deter- 
minant being independent of the order of its terms, we conclude that an abso- 
lutely convergent determinant has the same value, whatever the law adopted 
to fix the order of the terms in the series represented hy it ; and consequently 
in the study of such determinants we are freed from the necessity of adopting 
a law to fix the order of the terms of the series. Furthermore since the sign 

* While it is necessary to distinguish between the two kinds of iDfinite determinants, it would 
seem that there is no loss of generality in confining our investigations to the determinants of the 
second kind ; for in the definition of an infinite determinant m is simply supposed to become 
indefinitely great, and making M iofinite secures this ; howdver, adoptiag the safer plan, I shall 
confine my investigations to determinants of the second kind . 
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and the order of the factors constituting any term are determined by the rules 
already given, the only effect introduced by making a change in the choice of 
principal diagonal or origin, is a change in the order of the terms of the series ; 
hence the value of an absolutely convergent determinant is independent of the 
choice of principal diagonal or origin. 

Since a semi-convergent determinant represents a semi-convergent series, 
the value of such a determinant is dependent upon the choice of the law which 
will fix the order of the terms of the series. If we adopt any rule to determine 
the order of the terms, we may investigate the conditions of convergence cor- 
responding to that particular rule ; but as the number of such rules from which 
a choice may be made is infinite, it would be useless to investigate the condi- 
tions for any one rule, unless it can be shown that for sufficient reasons that 
rule is to be preferred to all others. It would seem that this is not the case, 
so that it is not probable that much can ever be done with this class of deter- 
minants. 

Since a change in the origin must introduce a change in the order of the 
terms of the series, it follows that a semi-convergent determinant is dependent 
upon the choice of its origin for its value. 

6. Theorems on convergent determinants. 

Following the method generally adopted in the treatment of infinite series, 
we shall prove certain theorems concerning convergent determinants, reserving 
for the present the investigation of the question of convergence. Considerable 
generality can be given to such theorems owing to the fact that their proof 
rests upon the proposition that a convergent infinite determinant can be repre- 
sented by a convergent infinite series, the terms of which are arranged according 
to some definite law ; a little reflection will show that the proof is independent 
of the particular law that might be chosen. 

Theorem I. An absolutely convergent determinant remains absolutely 
convergent if we replace the elements of any line (or column) by a series of 
quantities all of which are less in absolute value than a given positive quantity. 

Let us represent the infinite determinant D„ by the expression 

+ « 

^i B, , (1) 

— 00 

where B^ represents the product of an infinite number of factors Ai^, the sign 
of any term and the order of the factors in that term being governed by the 
rules already adopted, and the order of the terms of the series being fixed by 
some law which we shall suppose known. 
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To fix the idea let hs suppose the elements of the line 
A A A 

. , . , .^lo^ _^, . . . , -^^oo> • • • J -^^Om> • • • 

to be replaced by the quantities 

. . . , o_^, • • • ) "o* • • • J "m» ' • • 

satisfying the inequalities 

I «i I < ^ . A > . 

By hypothesis the series 

+ 00 

00 

is convergent ; consequently the series 

%lc\Bi\, (2) 

— 00 

where B^ represents Bi divided by its factor from the line 0, is convergent ; 
the series 

X \CA, (3) 

00 

where Ci represents Bl multiplied by the s corresponding to its element from 
the line 0, is also convergent since its terms are respectively equal to or less 
than the corresponding terms of the series (2). Since the series (3) is con- 
vergent, the determinant which represents 

— 00 

is absolutely convergent, and the theorem is proved. 

Cob. 1. An absolutely convergent determinant remains absolutely conver- 
gent if we replace anj' finite number of lines and columns by series of quanti- 
ties all of which are less in absolute value than a given positive quantity. 

This proposition regarding infinite determinants is the analogue of the 
proposition that in considering the convergence of a series we may neglect any 
finite number of terms. This theorem was first proved by Poincar^ for the 
class of determinants which he investigated, and was afterwards extended by 
von Koch to determinants of the normal form. 

COR. 2. A semi-convergent determinant remains semi-convergent if we 
replace the elements of any finite number of lines and columns by series of 
quantities all of which are less than a given positive quantity, and each of 
which has the same sign as the element that it replaces. 
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The proof of this proposition is the same as that of the theorem for abso- 
lutely convergent determinants ; the necessity for making the restriction that 
the quantities have the same sign as the elements they replace is made clear 
by considering the case in which the terms of the series representing the semi- 
convergent determinant are some negative and the others positive ; the signs 
of the s's might be such as to make the terms of the series represented by the 
new determinant all positive ; since the original determinant is only semi- 
convergent, the series thus formed is divergent, and consequently the determi- 
nant has lost its convergence by replacing its elements by the s's. If however 
the s'h all have the Same signs as the elements they replace, the signs of the 
terms of the series cannot be changed, and the determinant remains semi- 
convergent when we replace the elements of a given line by the s's. 

CoR. 3. A determinant (of the second kind) which is of the normal form 
is an absolutely convergent determinant. 

Every convergent determinant of the second kind must belong to one of 
the two classes, semi-convergent or absolutely convergent determinants. Von 
Koch has proved that a determinant of the normal form is convergent, and 
that if in such a determinant we replace the elements of any line or column by 
any series of quantities, positive or negative, all of which are less in absolute 
value than a given positive quantity, the determinant does not lose its conver- 
gence ; it follows from the preceding theorem that this is the case without 
restriction only for absolutely convergent determinants ; hence determinants of 
the normal form (when of the second kind) come under the class of absolutely 
convergent determinants, and any proposition proved for the latter is also true 
for the former. 

Theorem II. If in an absolutely convergent determinant we interchange 
any two lines (or columns), the sign of the determinant is changed ; if any two 
lines (or columns) are identical the determinant vanishes. 

Since the determinant is convergent, we have 

|^m+p-^M|<<5. (1) 

If we denote by D"^, the value of the determinant D^ when the two lines 
(or columns) are interchanged, we have by the preceding theorem 

l^«+p-^™l<^. (2) 

Now m can always be chosen so large that the two lines (or columns) 
interchanged will be included in Z>„ ; hence 

iy^^~ A„ • (3) 
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But we have 

I D^^ - D^ + ^™+p - Z>'» 1 S 2^ . (4) 

or in consequence of (3) 

|A.+p-i>'^+,l<2^; (5) 

hence if we represent by D and D the limits towards which D^ and Z>'„ tend 
as m increases indefinitely, we have for m infinitely great 

D=- D'. (6) 

The second part of the theorem follows immediately ; if two lines (or 
columns) are identical, the value of the determinant can not be altered by 
interchanging them ; but the sign of the determinant must be altered by this 
interchange, hence the determinant vanishes. 

Cor. If a semi-convergent determinant does not lose its convergence when 
we interchange two lines (or columns) the sign of the determinant is changed ; 
if any two lines (or columns) are identical, the determinant vanishes. 

The proof of this proposition is the same as that for absolutely convergent 
determinants. 

Theorem III. If every element of any line (or column) of a convergent 
determinant be multiplied by the same factor h, the determinant is multiplied 
bj' that factor. 

Since every term of the series 

+ •» 

I,B, (1) 

— « 

is a convergent product, and contains one and only one element from any line 
(or column), each term of the series is multiplied by the factor k ; and since 
the series is convergent, the series formed by multiplying each term by the 
same factor is convergent, and has for its value 

IcXb,; (2) 

hence if the value of the original determinant is D, the value of the new deter- 
minant is IcD. 

CoR. 1. If the elements of any line (or column) are the same multiples of 
the corresponding elements of some other line (or column) the determinant 
vanishes. 

By the theorem just given we can divide the elements of that line (or 
column) by the common factor ; two lines (or columns) being then identical, 
the determinant vanishes. 
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Cor. 2. If the signs of all the elements of any line (or column) be changed, 
the sign of the determinant is changed. 

Such a change of sign of the elements is equivalent to multiplying these 
elements, and consequently the determinant, by the factor — 1. 

Theorem IV. If each element of any line (or column) of an absolutely 
convergent determinant can be resolved into the sum of n quantities, the given 
determinant can be expressed as the sum of n absolutely convergent deter- 
minants. 

To fix the idea, let us suppose that the elements of the line can be 
resolved into the sum of w quantities, so that we have 

Owing to the absolute convergence of the series 

+ 00 

00 

each of the series 

+ 00 

^* «ri^'* (?• = 1. 2, . . . , n.) 

is absolutely convergent ; hence we can write 

+ «, +« 

2; Bt = It («i, + a^t + ... + a„t) B\ 

— 00 — 00 

+ 00 +00 +0C 

= li a^iB'i + 2; a^tB'i + . . . + 2'< a^iB\ ; 

— 00 — 00 — <» 

or 

Z> =r 4 + 4 + . . . + J„ , 

where D is the original determinant, and J, is the determinant formed by 
replacing the elements of the line of the original determinant by the quanti- 
ties otri (* == — 00 , • • • , + 00 )• By Theorem I each of these determinants is 
absolutely convergent, and the theorem under consideration is thus proved. 

CoR. The theorem holds for a semi-convergent determinant, if all the 
elements of the line in each of the determinants A, have the same sign as 
the corresponding elements in the determinant D. 

This follows as a consequence of Theorem I, Cor. 2. 

7. Tests of convergence. 

Before attempting a general discussion of the conditions of convergence 
for infinite determinants, we shall give two theorems concerning determinants 
of special form, which may be interesting in themselves, as well as of use 
subsequently. 
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Theorem I. An infinite determinant all the terms of which are negative is 
divergent. 

Any term of the series 

+ 00 

— op 

consists of the product of an infinite number of negative factorn ; the product 
of an even number of these factors gives a positive quantity ; the introduction 
of another factor changes the sign of the product, and as we thus increase the 
number of the factors, the sign of the product continually changes from plus 
to minus ; the product is therefore divergent, and consequently the determi- 
nant is divergent. 

Theorem II. In order that an infinite determinant, all the terms of which 
are positive, may be convergent, it is necessary and sufficient that the terms 
of the series 

+ 00 

I,B, 

tend to zero as a limit. 

Since the elements of the determinant are all positive, it will follow as a 
consequence of the law governing the sign of any term, that half of the terms 

of the series 

+ « 

— <x> 

are positive and the other half negative ; in whatever manner they may be 
grouped only a finite number of positive or negative terms can fall together ; 
since these terms by hypothesis tend to zero as a limit, the sum of any finite 
number of terms will also tend to zero as a limit ; the series has thus been 
reduced to one in which the terms are alternately positive and negative, and 
tend to zero as a limit; such a series is known to be convergent, and the 
theorem is proved. 

The consideration of these two theorems places us in a better position 
for formulating the necessary conditions that an infinite determinant be con- 
vei'gent. In the first place in order that an infinite determinant which is repre- 
sented by the series 

be convergent, it is necessary that each one of the infinite products Bt be con- 
vergent. Such an infinite product may become divergent in one of two ways ; 
it may either tend to infinity as a limit, or its sign may be alternately positive 
and negative owing to the repeated introduction of a negative factor. 
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Let US write A^^ = ± (1 + «{*) ; if any of the quantities ^,,. are less in 
absolute value than unity, the corresponding a,,, is to be taken as equal to 
zero. Let us now form the series 

where the quantities a^ are selected and arranged according to the same rules 
as the quantities Afj,. in the products Bi ; there will be an infinite number of 
these Series, one corresponding to each product B^ ; let us represent these 
series by <?( (^ = — oo , . . . , -f- oo ). In order that any product Bf be conver- 
gent it is necessary that the corresponding series Sf shall be convergent ; 
hence we are able to state as a first necessary condition that the infinite deter- 
minant be convergent, that each one of the series Sf(i = — oo , . . . , + oo ) 
must be convergent. 

Any one of the terms B^ will be divergent if it contains an infinite number 
of negative factors which are in absolute value equal to or greater than unity. 
An infinite number of negative factors all less in absolute value than unity 
would not make it divergent, for while its sign would be alternately positive 
and negative, it would tend to zero as a limit ; hence we may state as a second 
necessary condition that any term Bt must contain only a finite number of 
negative factors satisfying the inequality 

IA*I>1- 
Supposing that the convergence of each term of the series 

1\B, 

— 00 

is secured by the fulfilling of the two conditions already given, in order that 
the infinite series may be convergent it is necessary that its terms tend to zero 
as a limit ; that is, we must always be able to find an integer n', such that for 
any value of n greater than n' 

\B^„\<8, 

S being any positive quantity which may be chosen as small as we please ; in 
order that this inequality may exist, each term B^„ {n > n') must either con- 
tain a factor which is evanescent, or it must contain an infinite number of 
factors each less than unity. 

To give a r^sum^ of the results arrived at, we may state that in order that 
an infinite determinant may be convergent, the following conditions are neces- 
sary : — 

1. Each of the series Si{i = — oo ,..., + oo ) must be convergent. 
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2. Any term must contain only a finite number of negative factors satis- 
fying the inequality 

I ^.* I > 1 ■ 

3. Each term after a certain term in the series is reached must either 
contain an evanescent factor or an infinite number of factors each of which is 
less than unity. 

While these are necessary conditions, they are not in general suiHcient to 
determine the convergence of a determinant ; however, in connection with the 
preceding theorems they enable us to state that certain classes of determinants 
are convergent ; for example, any determinant satisfying the following condi- 
tions is convergent : (a) the elements are all positive ; (b) each of the series 
Si{i = — 00 , . . . , -f- 00 ) is convergent ; (c) for some line i (or column k) the 
elements Af^. tend to zero as we go farther from the origin. 

Also any determinant satisfying the following conditions is convergent : 
(a) the elements are all positive ; (b) each of the series Si{i = — co ,..., + oo ) 
is convergent ; (c) an infinitely great number of lines (or columns) are com- 
posed of quantities less in value than unity. 

Nov. 6. 1894. 



